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MULTIBASIC EHRHART THEORY
AKI MORI, TAKESHI MORITA AND AKIHIRO SHIKAMA
Abstract. In the present paper, we introduce a multibasic extension of the
Ehrhart theory. We give a multibasic extension of Ehrhart polynomials and
Ehrhart series. We also show that an analogue of Ehrhart reciprocity holds for
multibasic Ehrhart polynomials.
Introduction
Recently, some extensions of the Ehrhart theory have been studied, for example
in [3, 10, 12]. In this paper, we introduce a “multibasic” extension of the Ehrhart
theory [3]. In the study of the special functions and the difference equations, the
q-analogues of the special functions are well known. For example, the (generalized)
basic hypergeometric series, the q-Bessel functions, the q-Airy functions...(see [5] for
more details). These functions have a parameter q, which is called “the base”. If we
introduce other bases q1, q2, . . . , qN where qj 6= qk, we may consider the multibasic
extension [6] of the original q-analogues. A q-analogue of the Ehrhart theory is given
by F. Chapoton [3]. He gave the q-extension of the Ehrhart theory by a suitable
linear form.
In the study of combinatorics, the Ehrhart theory plays an important role when
we study the relationship between the convex polytopes and the integer points. We
review the Ehrhart theory which was introduced by Enge`ne Ehrhart in 1960s [4]. Let
P ⊂ RN be an integral convex polytope of dimension d and the set P◦ its interior.
If n is a positive integer then we define
LP(n) = #(nP ∩ Z
N).
In other words, LP(n) is equal to the number of the integer points in nP where
nP = {nα|α ∈ P}. Ehrhart showed that the enumerative function LP(n) is a
polynomial in n of degree d. He also gave LP(0) = 1. The polynomial LP(n) is
called the Ehrhart polynomial after his works. If we consider the Ehrhart polynomial
LP(n) where n ∈ Z, we obtain the relation
LP(−n) = (−1)
dLP◦(n),
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which is called the Ehrhart reciprocity. The generating function of the Ehrhart
polynomial LP(n) is given by
EhrP(t) = 1 +
∞∑
n=1
LP(n)t
n.
This generating function is also called the Ehrhart series of P. It is known that the
Ehrhart series have the following representation by rational function
EhrP(t) =
δdt
d + δd−1t
d−1 + · · ·+ δ0
(1− t)d+1
where δk ∈ Z, provided that 0 ≤ k ≤ d. The vector δ(P) = (δ0, δ1, . . . , δd) ∈
Zd+1 is called the δ-vector of P. The δ-vectors satisfy the equations δ0 = 1 and
δ1 = #(P ∩ Z
N ) − (d + 1). A lot of significant other properties of the δ-vectors
are studied, for example in [8, 11]. We refer the reader to [1, 7] for the detailed
information about Ehrhart theory.
This paper is organized as follows. In Section 1, we introduce the concepts of the
multibasic Ehrhart series and the multibasic δ-vector, which are multibasic exten-
sions of each one. We show that the multibasic Ehrhart series has representation
as a rational function. Its numerator is a polynomial in t whose coefficients are
given by the elements of Z[q1, q
−1
1 , . . . , qN , q
−1
N ], and the degree of the polynomial is
(the number of vertices of P) − 1, at most. In Section 2, we introduce the multi-
basic Ehrhart polynomials for integral polytopes P ⊂ (R≥0)
N . We also give some
examples of the multibasic Ehrhart polynomials for typical classes of polytopes. In
Section 3, we obtain the reciprocity theorem for the multibasic Ehrhart polynomials.
1. The multibasic Ehrhart series
In the present paper we assume that each polytope is convex. Let a = (a1, . . . , aN)
∈ ZN be an integer point. The Laurent monomial qa is defined as
qa := qa11 q
a2
2 · · · q
aN
N , q
0 := 1
where 0 := (0, 0, . . . , 0). Recall that for a given rational cone or rational polytope
S ⊂ RN ,
σS(q) = σS(q1, q2, . . . , qN) :=
∑
a∈S∩ZN
qa
is called the integer-point transform of S [1]. Let P ⊂ RN be an integral polytope of
dimension d. For any n ∈ Z>0, let nP = {nα|α ∈ P}. Now we define the multibasic
Ehrhart series as foliows:
EhrP(t;q) = EhrP(t; q1, q2, . . . , qN) := 1 +
∞∑
n=1
σnP(q)t
n.
Note that this definition gives us the expansion of the classical Ehrhart series. Indeed
the special case EhrP(t; 1, 1, . . . , 1) is the classical Ehrhart series.
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Lemma 1.1 ([1, Theorem3.5]). For any w1,w2, . . . ,wd ∈ Z
N if K := {
∑d
i=1 riwi |
ri ≥ 0} is a simplicial d-cone, then for v ∈ R
N , the integer-point transform of v+K
is given by
σv+K(q) =
σv+Γ(q)
d∏
i=1
(1− qwi)
,
where Γ := {
∑d
i=1 riwi|0 ≤ ri < 1}.
Proposition 1.2. Let ∆ ⊂ RN be an integral simplex of dimension d with vertices
v1,v2, . . . ,vd+1. Then the multibasic Ehrhart series of ∆ is
Ehr∆(t;q) =
∑
a∈Γ∩ZN+1
qa11 q
a2
2 · · · q
aN
N t
aN+1
d+1∏
i=1
(1− qvit)
,
where Γ = {
∑d+1
i=1 ri(vi, 1)|0 ≤ ri < 1}. More precisely the numerator of Ehr∆(t;q)
is a polynomial in t, which has Laurent polynomial in N variables as its coefficients
and the coefficients of each Laurent polynomials is either 0 or 1. Moreover the degree
of this polynomial is at most d.
Proof. We define a set cone(∆) as follows:
cone(∆) :=
{
d+1∑
i=1
ri(vi, 1)
∣∣∣∣∣ ri ≥ 0
}
⊂ RN+1.
Note that cone(∆) is a simplicial (d + 1)-cone, and we obtain n∆ by considering
intersection of cone(∆) and a hyperplane xN+1 = n. Then we can calculate as
follows by Lemma 1.1 :
Ehr∆(t;q) = Ehr∆(t; q1, q2, . . . , qN ) = 1 +
∞∑
n=1
σn∆(q1, q2, . . . , qN)t
n
=
∑
(a1,...,aN+1)∈cone(∆)∩ZN+1
qa11 q
a2
2 · · · q
aN
N t
aN+1 = σcone(∆)(q1, q2, . . . , qN , t)
=
σΓ(q1, q2, . . . , qN , t)∏d+1
i=1 (1− q
vit)
=
∑
a∈Γ∩ZN+1 q
a1
1 q
a2
2 · · · q
aN
N t
aN+1∏d+1
i=1 (1− q
vit)
.
Since the (N + 1)-th coordinate of each generator of cone(∆) is 1, the (N + 1)-th
coordinate aN+1 of a ∈ Γ ∩ Z
N+1 is r1 + · · · + rd+1, where 0 ≤ r1, . . . , rd+1 < 1.
Hence since r1 + · · ·+ rd+1 is an integer, the degree in t of numerator is at most d,
as desired. 
Example 1.3. Let ∆ = [a, b] be a 1-simplex where a, b ∈ Z and a < b. Then we
obtain
Ehr∆(t;q) =
1 +
∑b−1
k=a+1 q
k
1 t
(1− qa1t)(1− q
b
1t)
,
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since Γ ∩ Z2 = {(0, 0), (a+ 1, 1), (a+ 2, 1), . . . , (b− 1, 1)}.
Example 1.4 (The standard d-simplex). Let ei (1 ≤ i ≤ d + 1) be unit vectors in
Rd+1 and let ∆ := conv({e1, e2, . . . , ed+1}). Then the multibasic Ehrhart series of
∆ is given as
Ehr∆(t;q) =
1∏d+1
i=1 (1− qit)
,
since we have Γ ∩ Zd+2 = {0} by
Γ =
{
d+1∑
i=1
ri(ei, 1)
∣∣∣∣0 ≤ ri < 1
}
=
{
(r1, r2, . . . , rd+1,
d+1∑
i=1
ri)
∣∣∣∣0 ≤ ri < 1
}
.
Remark 1.5.
σcone(P)(q1, q2, . . . , qN , qN+1)
is the integer-point transform of the cone over the integral polytope P ⊂ RN . Then
we have
σcone(P)(q1, q2, . . . , qN , t) = EhrP(t;q)
and
σcone(P)(1, 1, . . . , 1, t) = EhrP(t)
by the same idea of the proof of Proposition 1.2. Moreover we have
σcone(P)(q
a1 , qa2 , . . . , qaN , t) = EhrP,λ(t, q)
where EhrP,λ(t, q) is the q-Ehrhart series and λ = (a1, a2, . . . , aN ) is a linear form
satisfying positivity and genericity (See [3]).
Namely, the classical Ehrhart series, the q-Ehrhart series and the multibasic
Ehrhart series can be obtained from σcone(P)(q1, q2, . . . , qN , qN+1).
Theorem 1.6. Let P ⊂ RN be an integral polytope of dimension d and let v1, . . . ,vm
its vertices. Then the multibasic Ehrhart series of P can be displayed as
EhrP(t;q) =
δm−1t
m−1 + δm−2t
m−2 + · · ·+ δ1t+ δ0
m∏
i=1
(1− qvit)
,
δk ∈ Z[q,q
−1] = Z[q1, q
−1
1 , . . . , qN , q
−1
N ], 0 ≤ k ≤ m− 1.
Namely, the numerator of the multibasic Ehrhart series is a polynomial in t, which
has Laurent polynomials in N variables with coefficients in Z as its coefficients. In
particular the degree of the numerator of EhrP(t;q) is at most m− 1.
Proof. Since the set cone(P) is a pointed cone, cone(P) can be triangulated into
simplicial cones such that each simplicial cone does not have any new generator.
We remark that the intersection of simplicial cones is a simplicial cone. We can
obtain the integer-point transform of each simplicial cone by Lemma 1.1. By the
principle of inclusion-exclusion, we obtain the integer-point transform of cone(P) as
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an alternating sum of the integer-point transforms of those simplicial cones. Thus
the integer-point transform of cone(P) is given by
σcone(P)(q1, q2, . . . , qN+1) =
f∏m
i=1(1− q
viqN+1)
where f ∈ Z[q1, q
−1
1 , . . . , qN+1, q
−1
N+1]. By Proposition 1.2, the highest exponent of
qN+1 that appear in the numerator of the integer-point transform of each (d + 1)-
dimensional simplicial cone is at most d. Thus the highest exponent of qN+1 that
appear in f is at most d+ {m− (d+1)} = d− 1+ {m− (d− 1+1)} = m− 1. Since
σcone(P)(q1, q2, . . . , qN , t) = EhrP(t;q), we obtain the conclusion. 
We call
δq(P) := (δ0, δ1, . . . , δm−1), δk ∈ Z[q,q
−1]
the multibasic δ-vector of P, where
∑m−1
k=0 δkt
k is the numerator of EhrP(t;q) that
we acquire in Theorem 1.6.
Corollary 1.7. Let P ⊂ RN be an integral polytope and v1,v2, . . . ,vm its vertices.
Then for the multibasic δ-vector of P, the following properties hold.
δ0 = 1, δ1 = σP(q)−
m∑
i=1
qvi
Corollary 1.8. Let P ⊂ RN be an integral polytope and let P ′ = P + v,v ∈ ZN .
Then we have
EhrP ′(t;q) = EhrP(q
vt;q),
δq(P
′) = (δ0, δ1q
v, δ2q
2v, . . . , δm−1q
(m−1)v), δk ∈ Z[q,q
−1].
Proof. Since we have σnP ′(q) = σnP(q) · q
nv for all n ∈ Z>0, it then follows that
EhrP ′(t;q) = 1 +
∞∑
n=1
σnP ′(q)t
n = 1 +
∞∑
n=1
σnP(q) · q
nvtn
= 1 +
∞∑
n=1
σnP(q)(q
vt)n = EhrP(q
vt;q).
Hence the numerator of EhrP ′(t;q) is
∑m−1
k=0 δk(q
vt)k =
∑m−1
k=0 (δkq
kv)tk, as desired.

2. Multibasic Ehrhart polynomials
In this section, we show the existence of a multibasic Ehrhart polynomial. The
notation
[n]q :=
1− qn
1− q
, n ∈ Z
is a q-integer [5]. We review the key relation as follows:
(1 + qx− x)|x=[n]q = 1 + q
1− qn
1− q
−
1− qn
1− q
= qn.
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Then we have the following relation immediately:
(1) qn =
N∏
k=1
(1 + qkxk − xk)
∣∣∣∣∣
xk=[n]qk
where n = (n, n, . . . , n).
For any vertex v of a rational polytope P ⊂ RN , the vertex cone Kv is defined by
Kv := {v + r(x− v) | x ∈ P, r ∈ R≥0}.
Let vi be a vertex of P and set
Ci := (−vi) +Kvi = {r(x− vi) | x ∈ P, r ∈ R≥0}.
Lemma 2.1 (Brion’s theorem,[2]). Let P ⊂ RN be a rational polytope of dimension
d. Then
σP(q) =
∑
v a vertex of P
σKv(q).
Theorem 2.2. Let P ⊂ (R≥0)
N be an integral polytope of dimension d. Then there
exists a polynomial
LP(x1, x2, . . . , xN) ∈ Q(q)[x1, x2, . . . , xN ]
such that
LP([n]q1, [n]q2 , . . . , [n]qN ) = σnP(q), ∀n ∈ Z>0.
In particular, the degree of LP(x1, x2, . . . , xN ) coincides with max{
∑N
k=1 vik|1 ≤ i ≤
m} where vi = (vi1, vi2, . . . , viN), 1 ≤ i ≤ m are vertices of P.
Proof. By Lemma 2.1, we have
σnP(q) =
m∑
i=1
σKnvi (q),
since Knvi can be obtained as a parallel translation of Ci, then we have σKnvi (q) =
σCi(q) · q
nvi . Therefore we obtain
m∑
i=1
σKnvi (q) =
m∑
i=1
σCi(q) · q
nvi.
By using (1), we have
qnvi =
N∏
k=1
(1 + qkxk − xk)
vik
∣∣∣∣
xk=[n]qk
Thus, we have
LP(x1, x2, . . . , xN) =
m∑
i=1
σCi(q)
N∏
k=1
(1 + qkxk − xk)
vik
Our claim on the degree of LP (x1, x2, . . . , xN) follows immediately since
σci(q) ∈ Q(q).
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We call the polynomial LP(x1, x2, . . . , xN) the multibasic Ehrhart polynomial of
P.
Corollary 2.3. Let P ⊂ (R≥0)
N be a integral polytope, P ′ = P + v ⊂ (R≥0)
N and
v = (v1, v2, . . . , vN) ∈ Z
N . Then we have
LP ′(x1, x2, . . . xN ) = LP(x1, x2, . . . , xN )
N∏
k=1
(1 + qkxk − xk)
vk .
Proof. By Theorem 2.2, we have
LP ′(x1, x2, . . . , xN ) =
m∑
i=1
σCi(q)
N∏
k=1
(1 + qkxk − xk)
vik+vk
= LP(x1, x2, . . . , xN )
N∏
k=1
(1 + qkxk − xk)
vk .

Lemma 2.4. The sum of each integer-point transform of Ci is equals to one, namely,
m∑
i=1
σCi(q) = 1.
Proof. Let Q be the image of P by a dilation and translation and ε1, . . . , εm ∈ R
N
its vertices, that is
Q := rP +α = conv({ε1, . . . , εm}), r ∈ R,α ∈ R
N .
Then we can choose ε1, . . . , εm in such a way that:
• the origin of RN is a unique integer point in Q,
Q∩ ZN = {0};
• the integer points contained in each vertex cone of Q are precisely the integer
points contained in the corresponding vertex cone Ci,
Kεi ∩ Z
N = Ci ∩ Z
N , for all i = 1, . . . , m.
By the two conditions and Lemma 2.1, we obtain
1 = σQ(q) =
∑
v a vertex of Q
σKv(q) =
m∑
i=1
σKεi (q) =
m∑
i=1
σCi(q).

Corollary 2.5. Let P ⊂ RN be an integral polytope. Then the constant part of the
multibasic Ehrhart polynomial LP(x1, x2, . . . , xN) is equals to one.
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Proof. By substituting xi = 0 to LP(x1, x2, . . . , xN ), we have
LP(0, 0, . . . , 0) =
m∑
i=1
σCi(q).
By Lemma 2.4, we obtain the conclusion.

Next, we give examples of the multibasic Ehrhart polynomials by Lemma 2.4. We
can compute LP(x1, x2, . . . , xN ) for the classes of polytopes.
Example 2.6. We fix the sets as follow:
(1) The d-simplex of Rd+1 is given by ∆ := conv({e1, e2, . . . , ed+1}),
(2) The d-simplex of Rd is given by ∆′ := conv({0, e1, e2, . . . , ed}),
(3) The unit d-cube is given by  := conv({(x1, x2, . . . , xd) | xi = 0 or 1, 1 ≤ i ≤
d}).
Then each multibasic Ehrhart polynomial is given by:
(1) L∆(x1, x2, . . . , xd+1) =
d+1∑
i=1
qdi (qi − 1)∏
1≤j≤d+1
j 6=i
(qi − qj)
xi + 1,
(2) L∆′(x1, x2, . . . , xd) =
d∑
i=1
qdi∏
1≤j≤d+1
j 6=i
(qi − qj)
xi + 1,
(3) L(x1, x2, . . . , xd) =
∏
1≤i≤d
(qixi + 1).
Proof. We consider each case.
(1) The d-simplex ∆ ⊂ Rd+1 case.
For any i (provided that 1 ≤ i ≤ d+1) , the generator of each vertex cone
Kei is given by {ej − ei | 1 ≤ j ≤ d+ 1, j 6= i}. Then we have
Γi :=


∑
1≤j≤d+1
j 6=i
rj(ej − ei)
∣∣∣∣∣∣∣ 0 ≤ rj < 1


=



r1, r2, . . . , ri−1,− ∑
1≤j≤d+1
j 6=i
rj , ri+1, . . . , rd+1


∣∣∣∣∣∣∣ 0 ≤ rj < 1

 .
Namely, we have Γi ∩ Z
d+1 = {0} for any i. By Lemma 1.1,
σCi(q) = σ(−ei)+Kei (q) =
1∏
1≤j≤d+1
j 6=i
(1− q−1i qj)
.
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Combining Lemma 2.4 and Theorem 2.2, we obtain
L∆(x1, x2, . . . , xd+1) =
d+1∑
i=1
σCi(q)(1 + qixi − xi)
=
d+1∑
i=1
σCi(q)(qi − 1)xi +
d+1∑
i=1
σCi(q)
=
d+1∑
i=1
qi − 1∏
1≤j≤d+1
j 6=i
(1− q−1i qj)
xi + 1
=
d+1∑
i=1
qdi (qi − 1)∏
1≤j≤d+1
j 6=i
(qi − qj)
xi + 1.
(2) The d-simplex ∆′ ⊂ Rd case.
We remark that the generator of the vertex cone K0 is {e1, e2, . . . , ed} and
the generator of each vertex cone Kei is given by {0 − ei} ∪ {ej − ei | 1 ≤
j ≤ d+ 1, j 6= i}. Then we have
Γ0 :=
{
d∑
j=1
rjej
∣∣∣∣∣ 0 ≤ rj < 1
}
= {(r1, r2, . . . , rd) | 0 ≤ rj < 1} ,
Γi :=

r0(0− ei) +
∑
1≤j≤d
j 6=i
rj(ej − ei)
∣∣∣∣∣∣∣ 0 ≤ r0, rj < 1


=

(r1, r2, . . . , ri−1,−
∑
0≤j≤d
j 6=i
rj, ri+1, . . . , rd)
∣∣∣∣∣∣∣ 0 ≤ r0, rj < 1

 .
Therefore, we have Γ0 ∩ Z
d = Γi ∩ Z
d = {0}, provided that 1 ≤ i ≤ d. By
Lemma 1.1, we obtain
σC0(q) = σK0(q) =
1∏
1≤j≤d
(1− qj)
,
σCi(q) = σ(−ei)+Kei (q) =
1
(1− q−1i )
∏
1≤j≤d
j 6=i
(1− q−1i qj)
.
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By Lemma 2.4 and Theorem 2.2, we have
L∆′(x1, x2, . . . , xd) = σC0(q) +
d∑
i=1
σCi(q)(1 + qixi − xi)
=
d∑
i=1
σCi(q)(qi − 1)xi +
d∑
i=0
σCi(q)
=
d∑
i=1
qi − 1
(1− q−1i )
∏
1≤j≤d
j 6=i
(1− q−1i qj)
xi + 1
=
d∑
i=1
qdi∏
1≤j≤d
j 6=i
(qi − qj)
xi + 1.
(3) The unit d-cube  ⊂ Rd case.
If we consider the special case xi = [n]qi , we obtain
L([n]q1 , [n]q2, . . . , [n]qd) =
∏
1≤i≤d
(1 + qi + q
2
i + · · ·+ q
n
i )
=
∑
a∈n∩Zd
qa = σn(q).

3. Multibasic Ehrhart reciprocity
Let P◦ be the interior of P. We define the multibasic Ehrhart series for the
interior of the polytope P ⊂ RN of dimension d as follows:
EhrP◦(t;q) :=
∞∑
n=1
σnP◦(q)t
n.
We consider a multibasic analogue of the Ehrhart reciprocity.
Lemma 3.1 (Stanley’s reciprocity theorem, [9] ). Let K ⊂ RN be a rational d-cone
with the origin as apex. Then
σK
(
1
q1
,
1
q2
, . . . ,
1
qN
)
= (−1)dσK◦(q1, q2, . . . , qN).
We also prepare the following lemma to study the reciprocity.
Lemma 3.2. Let P ⊂ RN be an integral polytope . For any n ∈ Z>0, we have∑
n≤0
LP([n]q1, [n]q2 , . . . , [n]qN )t
n +
∑
n≥1
LP([n]q1 , [n]q2, . . . , [n]qN )t
n = 0.
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Proof. Let v1,v2, . . . ,vm be the vertices of P. We recall from Theorem 2.2 that
there exists a relation
LP([n]q1, [n]q2 , . . . , [n]qN ) =
m∑
i=1
σCi(q) · q
nvi.
Then we have∑
n≤0
LP([n]q1, [n]q2 , . . . , [n]qN )t
n +
∑
n≥1
LP([n]q1 , [n]q2, . . . , [n]qN )t
n
=
∑
n≤0
{ m∑
i=1
σCi(q) · q
nvi
}
tn +
∑
n≥1
{ m∑
i=1
σCi(q) · q
nvi
}
tn
=
m∑
i=1
σCi(q)
{∑
n≥0
(q−vit−1)n
}
+
m∑
i=1
σCi(q)
{∑
n≥1
(qvit)n
}
= 0.
Therefore, we obtain the conclusion. 
Theorem 3.3. Let P ⊂ RN be an integral polytope of dimension d. For any n ∈
Z>0, we have
LP([−n]q1 , [−n]q2 , . . . , [−n]qN ) = (−1)
dσnP◦
(
1
q
)
.
Proof. By applying Lemma 3.1 to the cone over P,
σcone(P)
(
1
q1
,
1
q2
, . . . ,
1
qN
,
1
qN+1
)
= (−1)d+1σ(cone(P))◦(q1, q2, . . . , qN , qN+1).
We consider the special case qN+1 = t. By Remark 1.5,
EhrP
(
1
t
;
1
q
)
= (−1)d+1 EhrP◦(t;q).
Then we have
1 +
∞∑
n=1
σnP
(
1
q
)(
1
t
)n
= (−1)d+1
∞∑
n=1
σnP◦(q)t
n.
By Theorem 2.2, we have
1 +
∞∑
n=1
σnP
(
1
q
)(
1
t
)n
=
∑
n≤0
LP([−n]1/q1 , [−n]1/q2 , . . . , [−n]1/qN )t
n.
We also obtain∑
n≤0
LP([−n]1/q1 , . . . , [−n]1/qN )t
n = −
∑
n≥1
LP([−n]1/q1 , . . . , [−n]1/qN )t
n.
by Lemma 3.2. Therefore,∑
n≥1
LP([−n]1/q1 , [−n]1/q2 , . . . , [−n]1/qN )t
n = (−1)d
∑
n≥1
σnP◦(q)t
n.
Finally, we acquire the conclusion. 
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